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Today’s society faces widening disagreement and conflicts among constituents with incompatible
views. Escalated views and opinions are seen not only in radical ideology or extremism but also in
many other scenes of our everyday life. Here we show that widening disagreement among groups
may be linked to the advancement of information communication technology, by analyzing a math-
ematical model of population dynamics in a continuous opinion space. We adopted the interaction
kernel approach to model enhancement of people’s information gathering ability and introduced
a generalized non-local gradient as individuals’ perception kernel. We found that the character-
istic distance between population peaks becomes greater as the wider range of opinions becomes
available to individuals or the greater attention is attracted to opinions distant from theirs. These
findings may provide a possible explanation for why disagreement is growing in today’s increasingly
interconnected society, without attributing its cause only to specific individuals or events.
I. INTRODUCTION
Today’s society faces many urgent critical challenges.
One of such challenges is addressing the widening dis-
agreement and conflicts among different social con-
stituent groups with incompatible views on politics,
economy, international relationships, religions, cultures,
lifestyle, and other aspects of our life.
Studies on this challenge often focus on how escalated
views and opinions emerge in society [1]. Typical ap-
proaches in this area include detection of extremism in
online media [2–4] and modeling contagious processes of
extremism through social networks [5, 6]. While highly
relevant to and valuable for national security concerns,
these approaches necessarily impose an asymmetric point
of view to consider one side as the cause of the problem
(“us” being normal vs. “them” being abnormal), making
it difficult to obtain a more system-oriented understand-
ing of how such conflicts may arise and widen sponta-
neously at a global societal scale.
Escalated views and opinions are seen not only in radi-
cal ideology or extremism, but also in many other scenes
of our everyday life (typically in a milder form), such
as political conversations in social media [7, 8], health-
care choices (e.g., anti-vax movement) [9, 10], and di-
etary preferences [11, 12], to name a few. The widen-
ing disagreement among those who have escalated views
is becoming more prevalent than before on a variety of
subjects. Part of the cause is often suspected to be
the recent advances of information communication tech-
nology (e.g., web media, social media, smart phones,
and other forms of high-speed, high-volume, personalized
communication)[9, 13–15] that continuously increase in-
formation gathering intensity and enhance users ability
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to choose their preferred information sources (with some
caveats [16]). In this view, widening disagreement may
be modeled and understood as a spontaneous pattern for-
mation process in which people’s information gathering
ability plays a key role as the control parameter. The
present study explores this view through mathematical
modeling and analysis of opinion dynamics.
In this study, we combine the opinion dynamics with
spatial models studied in mathematical biology. Specifi-
cally, we describe the dynamics of popularities of a wide
range of opinions in partial differential equations (PDEs),
inspired by models of diffusion and migration of biolog-
ical organisms [17, 18]. In particular, we adopt a model
of auto-aggregation [19–22] in which organisms aggregate
together through a hill-climbing migration behavior on a
terrain of signals. In our case, we consider people migrat-
ing in a space of opinions, and their migration is driven
by the gradient of the opinion popularity itself.
We also propose a principled way to generalize lo-
cal gradient into non-local perceived gradient based on
the interaction kernel approach used in physics, applied
mathematics, and mathematical biology. This allows us
to model the enhancement of people’s information gath-
ering ability, which would not be captured by simply us-
ing a conventional local gradient at a single point in the
opinion space. It also allows for parametrization of two
distinct aspects of non-local perception: the breadth of
information gathering and the level of selective attention
paid to distant opinions, the latter of which we hypothe-
size to play a particularly significant role in social opinion
drift [23, 24]. The model and the results of our analytical
and numerical investigations are reported below.
II. MODEL
Our mathematical model represents the dynamics of
popularities of opinions using a population distribution
ar
X
iv
:2
00
2.
01
04
9v
2 
 [p
hy
sic
s.s
oc
-p
h]
  1
5 J
un
 20
20
2function P (x, t) for opinion x and time t ≥ 0 (Fig. 1a,
top). P (x, t) is the number (in an arbitrary unit) of peo-
ple whose current opinion is x at time t. We assume the
population never grows or decays, so the only changes
possible in this model are due to diffusion and migration.
Diffusion represents random fluctuations of people’s opin-
ions, while migration represents directed, active change
of people’s opinions caused by social influence. More
specifically, we adopt a widely used assumption [25–27]
that people will more likely adopt opinions that are more
supported by others. We also assume the homophily
principle [14, 28, 29] in people’s information gathering
behavior, which implies that they perceive information
only from a vicinity of their own opinion in the opinion
space. The last two assumptions simplify the migration
process into a simple hill-climbing behavior following the
gradient of P (x, t). Note that the opinion space modeled
here is different from physical space within which indi-
viduals exchange opinions (e.g., social networks). Such
social structure is not modeled explicitly in this study.
Both diffusion and migration can be modeled using the
transport equation framework [18, 22, 30]. The model
equation we use in this study to describe the dynamics
of P (x, t) is
∂P
∂t
= d∇2P − c∇ · (PG(P )) , (1)
where d∇2P is the diffusion term and −c∇ · (PG(P ))
is the migration term. G(P ) is the perceived gradient of
popularity distribution, defined as
G(P ) =
∫ ∞
−∞
P (x+ y, t)g(y)dy, (2)
g(y) =
1
2µ
· 1√
2piσ
(
e−
1
2 (
y−µ
σ )
2 − e− 12 ( y+µσ )2
)
. (3)
Eq. (2) shows that the perceived gradient is defined as
a cross-correlation between P and a perception kernel g
given in Eq. (3) (Fig. 1a, bottom), based on the interac-
tion kernel approach commonly used in physics, applied
mathematics, and mathematical biology [21, 30, 31]. The
perception kernel g describes how people assign weights
(attentions) to nearby opinions’ popularities when they
assess the gradient. In this study, we define the percep-
tion kernel as a combination of two Gaussian distribu-
tions whose width is determined by σ and whose means
are separated by 2µ across the origin, one positive on the
right hand side and one negative on the left hand side,
to capture the difference of popularity levels between the
two sides (Fig. 1b).
Note that G(P ) converges to a simple derivative P ′(x)
in the limit of µ→ 0+ and σ → 0+, i.e., when g is made
of two Dirac’s delta functions positioned right next to
the origin with opposite signs (see Appendix A). This
indicates that G(P ) can be considered a mathematically
valid non-local generalization of a spatial derivative.
This generalization of the gradient enables us to ex-
plore different shapes of the perception kernel by varying
σ and µ (Fig. 1c) and study their effects on opinion dy-
namics, which would not have been possible if only local
gradient were used. For example, increasing σ (Fig. 1c,
bottom left) represents a situation in which people can
gather information from a broader range of opinions.
Meanwhile, increasing µ (Fig. 1c, top right) represents
a situation in which people tend to pay great attention
particularly to distant, extreme opinions, which may cor-
respond to sensationalism widely practiced in various me-
dia today.
III. RESULTS
A. Stability analysis
We first conduct linear stability analysis of Eq. (1) to
find the conditions under which homogeneous popula-
tion distributions are unstable and thus heterogeneous
patterns will form. We begin the analysis by replacing
the spatio-temporal function P (x, t) with a constant ho-
mogeneous population level Ph plus a sinusoidal spatial
perturbation with temporally changing small amplitude
∆P (t) [18], as follows:
P (x, t)→ Ph + ∆P (t) sin(ωx+ φ) (4)
This replacement allows for linearization of Eq. (1) into
the following non-spatial linear dynamical equation of
∆P (see Appendix B for details):
d∆P
dt
=
(
−dω2 + cωPh
∫ ∞
−∞
sin(ωy)g(y)dy
)
∆P (5)
Therefore, with Q(ω) =
∫ ∞
−∞
sin(ωy)
ω
g(y)dy, if
Q(ω) >
d
cPh
(6)
for ω > 0, then the homogeneous population distribution
is unstable and a non-homogeneous pattern (i.e., islands
of popular opinions = distinct groups) will form in the
opinion space. This result already tells us that groups are
more likely to form if (1) diffusion is weaker, (2) active
migration is stronger, and/or (3) the population level is
greater. These findings are consistent with results ob-
tained for other similar auto-aggregation models [17–20].
We also note that the range of Q(ω) is bounded to
[−1, 1] and Q(ω) approaches its maximum 1 as ω → 0
regardless of the shape of the perception kernel (see Ap-
pendix C). Therefore, in a sufficiently large opinion space,
the low-frequency perturbations always destabilize the
homogeneous distribution eventually if and only if
1 >
d
cPh
, or cPh > d. (7)
which was also confirmed through numerical simulations
(see Appendix D).
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FIG. 1. Schematic overview of the mathematical model proposed in this study. (a) Popularities of opinions represented as
distribution P (x, t) on opinion x. P (x, t) follows diffusion-migration dynamics described in Eq. (1), which may show, under
typical parameter settings, aggregation behaviors as illustrated by small horizontal arrows in this figure. Directions of migrations
are determined by a perceived gradient G(P ) defined as a cross-correlation between P (x, t) and a perception kernel g(y) at
each location x (Eq. (2), also depicted at the bottom of this panel). (b) Structure of the perception kernel g(y) (Eq. (3)).
The black solid curve shows the shape of g(y), which is the sum of two Gaussian distributions with opposite signs (pink and
cyan), one placed on the right and another on the left. (c) Variations of shapes of g(y) as σ and µ are varied. Having sharp
peaks near the center in g(y) (top left) makes G(P ) close to a conventional local derivative, corresponding to the case in
which individuals’ attention is limited only to opinions of similarly minded others. Having broader and/or distant peaks means
enhanced information gathering ability, covering a wider range of opinions and/or paying greater attention to distant opinions,
respectively.
B. Numerical study on the disagreement between
groups
Our main interest in this study is in the characteristic
value of ω for instability. This is because the spatial pe-
riod of perturbation, L = 2pi/ω, determines how far away
the islands of opinions are separated from each other in
the opinion space, which indicates the extent of disagree-
ment between groups.
We numerically calculated the values of Q(ω) while
varying σ and µ. Results are shown in Fig. 2, in which
warmer colors indicate spatial frequencies ω that are
more likely to destabilize the homogeneous population
distribution (depending on the value of dcPh as discussed
above). These plots show that, the greater σ and/or µ
are, the more concentrated on low-frequency regions the
unstable perturbations are, which correspond to greater
distances between spontaneously formed groups.
Figure 3 shows actual numerical simulation results in
a space-time plot for several values of σ and µ. Periodic
boundary condition was used to avoid potential artifacts
arising from cut-off spatial boundaries [32]. The popu-
lation distribution initially remain more or less homoge-
neous for a certain period of time, but then distinct peaks
(groups) quickly form. Once established, those groups
become stable and remain unchanged for a substantially
long period of time. Interestingly, the intervals between
those peaks are longer for greater values of σ and/or µ,
which can be interpreted in that the disagreement among
those established groups becomes more intense as peo-
ple’s information gathering ability is enhanced. It is also
noticeable that the effects of σ and µ are slightly different
on the group formation process.
Figure 4 summarizes these results in a single plot of
the characteristic inter-peak distance L as a function of
σ and µ for Ph = 1, c = 1 and d = 0.2. The surface plot
shows a numerically obtained lower bound of L based on
the analysis (Eq. (6)). Our analysis predicts that per-
turbations with a characteristic length below this surface
would not grow. The peak distances obtained from nu-
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FIG. 2. Heatmaps showing the value of Q(ω) as a function of ω (horizontal axis), µ (vertical axis) and σ (varied in three panels;
(a) σ = 0.5, (b) σ = 1, (c) σ = 2). Red curves show contours that correspond to Q(ω) = d
cPh
= 0.2, the critical threshold under
the parameter setting used for numerical simulations in this paper.
merical simulations (blue dots in Fig. 4) are all above
this surface, which confirms that our analysis was valid.
It is seen in the figure that the characteristic inter-peak
distance grows almost linearly with σ and µ, with a mild
nonlinear interaction between them.
C. Temporal change of information gathering
ability
This model allows us to test more dynamic scenarios
in which people’s information gathering ability changes
over time. Investigation of such hypothetical scenarios
can provide us with valuable insight on potential inter-
ventions and possible societal responses to them. We test
two hypothetical dynamic scenarios below.
The first scenario assumes that people’s information
gathering ability gradually increases over time. This can
be simulated by increasing values of σ and µ in the course
of a numerical simulation. This scenario imitates gradual
advancement of information communication technology,
by which people gain access to a broader range of opin-
ions (by greater σ) and pay greater attention to opinions
distant from their own (by greater µ). Figure 5a shows
an illustrative example of this scenario, in which both σ
and µ, initially set to 0.5, begin to increase linearly with
time at t = 20, up to 5.0 by the end of the simulation
at t = 200. The smaller groups existing at the beginning
gradually merge to form larger, more distant (more dis-
agreeing) groups as σ and µ increase. By the end of this
particular simulation, more than a dozen of initial small
groups are integrated into just three large groups.
The second scenario models an attempt of external in-
tervention to the population behavior observed in the
first scenario. Specifically, we test what would happen
if people’s information gathering ability were suppressed
in the middle of the first scenario with an intention to
dissolve the emerging larger groups. This scenario can
be considered a simulation of government regulation or
other forms of exogenous control, which can be simu-
lated by lowering the values of σ and µ after a certain
period of group formation. Figure 5b shows an example
of this scenario, which proceeds the exact same way as in
Fig. 5a for the first half but then σ and µ are suddenly
reset to their initial value 0.5 at t = 100 and remain
constant thereafter. Interestingly, the large groups that
are already established by the time of the intervention
never become diffused, but to the contrary, they become
more concentrated and more stable than before the in-
tervention. This is because, unlike in other spatial bio-
logical/ecological models that have parameter-dependent
characteristic scales of patterns [33–36], groups are gen-
erally stable in auto-aggregation models like ours once
they are established, regardless of parameter values of
aggregation behavior. They may be absorbed into other
groups or destroyed by sufficiently strong diffusion, but it
is extremely difficult for them to disintegrate into smaller
groups. This result implies that suppressing people’s in-
formation gathering may not work as a means to dissolve
those large groups with conflicting opinions, if they are
already established.
IV. DISCUSSIONS AND CONCLUSIONS
In this study, we proposed a PDE-based mathemat-
ical model of opinion dynamics in a continuous opinion
space and studied its dynamics using both analytical and
numerical means. Contributions of this work can be sum-
marized in the following four points.
First, we presented an unconventional perspective to
consider growing disagreement and conflicts in society
the result of spontaneous pattern formation in an opin-
ion space, in which the characteristic distance between
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FIG. 3. Numerical simulation results of the population dynamics of the proposed model visualized in space (x: horizontal axis)
and time (t: vertical axis, going from bottom to top). Colors represent population density (blue = 0, cold = low, warm = high,
red = 3 or above). Ph = 1, c = 1, and d = 0.2. See the Methods section for details of numerical integration. Results with
several different values of σ and µ are shown in this figure (left column (a, d, g): σ = 0.5, center column (b, e, h): σ = 1.0, right
column (c, f, i): σ = 2.0; top row (a, b, c): µ = 0.5, middle row (d, e, f): µ = 1.0, bottom row (g, h, i): µ = 2.0). The average
distance L between population peaks at t = 100 was as follows: (a) ((σ, µ) = (0.5, 0.5)): L = 3.57143; (b) ((σ, µ) = (1.0, 0.5)):
L = 6.25; (c) ((σ, µ) = (2.0, 0.5)): L = 12.5; (d) ((σ, µ) = (0.5, 1.0)): L = 4.54545; (e) ((σ, µ) = (1.0, 1.0)): L = 7.14286; (f)
((σ, µ) = (2.0, 1.0)): L = 12.5; (g) ((σ, µ) = (0.5, 2.0)): L = 8.33333; (h) ((σ, µ) = (1.0, 2.0)): L = 10.; (i) ((σ, µ) = (2.0, 2.0)):
L = 12.5.
population peaks represents how severe the disagreement
is among distinct groups. This perspective allows us to
understand intensifying disagreement as a system-level
global property rather than a consequence caused by
specific individuals or events to blame. Second, we pro-
posed a generalized non-local spatial gradient and used
it as a mathematical representation of enhanced infor-
mation gathering ability of people. This enabled us to
explore different shapes of perception kernels and also fa-
cilitated the linear stability analysis of the model. Third,
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FIG. 4. Characteristic distance between population peaks
(L) visualized as a function of σ and µ. Ph = 1, c = 1,
d = 0.2. The surface plot shows a critical lower bound Lc
below which such perturbations would not grow. The lower
bound Lc was obtained as Lc =
2pi
ωc
, where ωc is a numerically
obtained critical value of ω that satisfies Q(ω) = d
cPh
. The
blue dots show actual peak distances measured in numerical
simulations (e.g., Fig. 3), which are all above the surface.
This confirms the validity of the analytical prediction that
enhanced information gathering ability (increased σ and/or µ)
always results in greater distance between population peaks.
we obtained several key analytical results on the gen-
eral threshold between pattern-forming and non-pattern-
forming regimes, as well as the effects of the parameters
of information gathering behavior on the distance be-
tween resulting groups, which were confirmed by numer-
ical simulations. The result clearly showed that the dis-
tance among groups became greater as people’s informa-
tion gathering ability was enhanced. Finally, we tested
a few dynamic scenarios that produced relevant implica-
tions of increasing information communication technol-
ogy for social dynamics and also some insight into the
(lack of) effectiveness of external interventions.
Our results are generally in agreement with the now
commonly made claim that the rapid development of
the Internet, social media, smart phones, and other per-
sonal information communication technologies have con-
tributed to the increase of societal conflicts and ideolog-
ical escalation. Our information gathering ability today
is nothing comparable even to that of twenty years ago,
and such a rapid change of our “perception kernel” may
have already been producing emergent macroscopic so-
cial patterns (like those shown in Fig. 5) that go beyond
any single individual’s intention.
The results of the last scenario simulations illustrate
challenging aspects of the observed opinion dynamics. As
the perception kernel becomes wider and/or more focused
on distant opinions, groups tend to merge hierarchically
to eventually form a small number of large groups that
are in significant disagreement from each other. Once
they have formed, reducing the perception kernel would
have no effect on their existence, but rather, it helps those
groups more crystallized. This leads us to questioning
whether there are ways to remedy disagreement between
those large groups and let them gracefully revert back to
smaller groups with more distributed, more diversified
opinions.
Our model suggests that, at least mathematically, sev-
eral different options exist for addressing this question.
The first option is to increase the random diffusion rate d
or decrease the active migration rate c so that Eq. (6) no
longer holds. The second option is to reduce µ all the way
to a negative value so that people seek originality rather
than social conformity, changing the dynamics of the
model from auto aggregation to auto avoidance. These
two options are essentially suggesting to alter people’s be-
havior, but it is not obvious how one could achieve such
global behavioral changes in reality (some well-designed
educational initiatives might help). The third option is
to increase σ and µ to extremely large values so that the
boundaries of groups become more gradual and less de-
fined (a sign of this phenomenon is seen near the end
of the simulation in Fig. 5a). The last option suggests
to promote, rather than suppress, people’s information
gathering, but it would then bring another problem that
people’s cognitive ability would be too limited to process
the massive amount of information collected. None of
these options is problem-free, but they may still suggest
directions of potential solutions to be explored further.
We conclude this paper by pointing out several lim-
itations of the study and identify future research ques-
tions. The model discussed in this study is still quite lim-
ited in both mathematical and practical aspects. Math-
ematically, we used only one form of the perception ker-
nel to facilitate parameterized representation of infor-
mation gathering behavior, but there should be many
other functional forms that are plausible as a model of
human information gathering behaviors. For example,
it was recently reported that exposure to distant opin-
ions may have a repulsion effect [15], which was not con-
sidered in the present study but could be incorporated
by revising the shape and sign of the perception kernel.
Exploring different forms of the perception kernel and
studying their effects on the resulting opinion dynamics
would likely produce more comprehensive understanding
of this model. We also used only one boundary condition
(periodic) in all of the numerical simulations presented,
but the interactions of self-organizing patterns with non-
trivial boundaries (i.e., structure of possibilities in the
idea space) are another area that warrants further sys-
tematic study.
In terms of practical aspects, it is with no doubt that
our model oversimplified the complexity of real human
social dynamics. We assumed only one-dimensional con-
tinuous opinion space, but opinions and ideas can be
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FIG. 5. Numerical simulation results of dynamic scenarios in which the values of σ and µ are varied over time. The simulation
method, initial condition, and meaning of colors are all the same as in Fig. 3. Simulations were conducted until t = 200 in these
plots. Yellow dashed lines represent key time points. (a) Initially σ = µ = 0.5, but after t = 20 those parameters are linearly
increased with time up to 5.0 by t = 200. This scenario imitates gradual advance of information communication technology. As
σ and µ increase, existing groups tend to merge to form larger, more distant (= disagreeing) groups over time. (b) Conditions
are the same as in (a), except that σ and µ are reset to their initial value 0.5 at t = 100 and remain constant thereafter.
This scenario imitates external intervention to reduce people’s information gathering ability, but it fails to diffuse the already
established groups.
multi-dimensional. While we expect that the essential
conclusions obtained from the stability analysis would
still hold in multidimensional opinion space, details of
implications would likely be influenced by the number
of dimensions. In addition, this study did not explicitly
consider non-trivial social network structure of opinion
exchange. The structure of society is implicit in this
model, represented indirectly by the perception kernel
(which allows individuals whose opinion states are close
to each other to interact). In other words, the proposed
model assumes that social connectivity is dynamically
correlated with the proximity of opinions of individuals
in the opinion space. Assumptions of nontrivial social
network structure with features such as heterogeneous
degrees and communities are orthogonal to opinion dy-
namics, which can be incorporated into the model but is
beyond the scope of the present study.
Furthermore, this study did not consider behavioral di-
versity of individuals within the population at all. Such
an assumption of homogeneous attributes shared among
all components is still a common practice used in many
theoretical studies of social dynamics, yet we have re-
cently shown in a separate study that having even a sim-
plest kind of individual diversity can greatly influence
macroscopic behaviors of social systems [37]. Introduc-
ing behavioral diversity to the model may produce fun-
damentally different outcomes and implications. Finally,
the proposed model has yet to be validated in compari-
son with quantitative real-world data. Eq. (7) showed a
unique dimensionless quantity dcPh and its critical thresh-
old 1. This would allow at least for empirical testing of
the global pattern formation condition using real-world
data, regardless of specific choices of measurement units.
Meanwhile, it might be difficult to obtain a large-scale
socio-behavioral data that could be directly used to test
the effects of the perception kernel’s shape, and there-
fore, we anticipate the full model validation to be done
through multiple hypothesis generation and testing.
METHODS
Numerical integration of the PDEs was conducted in
a discretized space-time with spatial interval ∆x = 0.05
and temporal interval ∆t = 0.001 using a simple Euler-
forward numerical integration method. The initial condi-
tion was a homogeneous population at Ph = 1 everywhere
in a spatial domain [0, 50], with small random perturba-
tion (a random number sampled from a uniform distribu-
tion [−0.02, 0.02]) added to each discrete spatial location.
The boundary condition was set to be periodic.
The numerical solver was implemented by the author
in Julia 1.3.0, whose source code is available upon re-
quest. Analysis and visualization of the simulation re-
sults were conducted using Wolfram Research Mathemat-
ica 12.0.0.
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Appendix A: Relationship between local and
non-local gradients
Here we show that the non-local gradient G(P ) intro-
duced in this study converges to a simple local gradient
(derivative) P ′ in the limit of µ → 0+ and σ → 0+, as
follows:
lim
µ,σ→0+
G(P ) = lim
µ→0+
1
2µ
lim
σ→0+
∫ ∞
−∞
P (x+ y) · 1√
2piσ
(
e−
1
2 (
y−µ
σ )
2 − e− 12 ( y+µσ )2
)
dy (A1)
= lim
µ→0+
P (x+ µ)− P (x− µ)
2µ
(A2)
= P ′(x) (A3)
We also confirmed this convergence numerically (results
not shown).
Appendix B: Details of linear stability analysis
We replace P (x, t) in Eq. (1) with a homogeneous pop-
ulation level Ph plus a sinusoidal spatial perturbation
with temporally changing small amplitude ∆P (t), as fol-
lows:
P (x, t)→ Ph + ∆P (t) sin(ωx+ φ) (B1)
Then Eq. (1) is rewritten as follows:
sin(ωx+ φ)
d∆P
dt
= −dω2 sin(ωx+ φ)∆P − c ∂
∂x
[
(Ph + ∆P sin(ωx+ φ))
∫ ∞
−∞
(Ph + ∆P sin(ω(x+ y) + φ)) g(y)dy
]
(B2)
By ignoring the second-order term of ∆P and exploiting the fact that g(y) is an odd function, this equation is
linearly approximated as follows:
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sin(ωx+ φ)
d∆P
dt
≈ −dω2 sin(ωx+ φ)∆P − cPh ∂
∂x
∫ ∞
−∞
∆P sin(ω(x+ y) + φ)g(y)dy (B3)
= −dω2 sin(ωx+ φ)∆P − cωPh∆P
∫ ∞
−∞
[cos(ωx+ φ) cos(ωy)− sin(ωx+ φ) sin(ωy)] g(y)dy (B4)
= −dω2 sin(ωx+ φ)∆P + cωPh sin(ωx+ φ)∆P
∫ ∞
−∞
sin(ωy)g(y)dy (B5)
By dividing all terms by sin(ωx + φ) and collecting the
coefficients of ∆P together, we obtain the following one-
dimensional linear dynamical equation of ∆P :
d∆P
dt
=
(
−dω2 + cωPh
∫ ∞
−∞
sin(ωy)g(y)dy
)
∆P (B6)
If the coefficient inside the parentheses above is positive,
the small perturbation sin(ωx+φ) will grow, i.e., the ho-
mogeneous population distribution will be unstable and
non-homogeneous patterns (distinct groups) will form.
With Q(ω) =
∫ ∞
−∞
sin(ωy)
ω
g(y)dy, this condition for
pattern formation is summarized as
Q(ω) >
d
cPh
(B7)
for ω > 0, as described in the main text.
Appendix C: Properties of Q(ω)
We note that Q(ω) is, by itself, the generalized non-
local gradient of sin(ωx)/ω around x = 0. This indi-
cates that the range of Q(ω) is bounded by the range of
the gradients of the original function sin(ωx)/ω, which is
cos(ωx), hence Q(ω) ∈ [−1, 1].
Moreover, we show that Q(ω) approaches its maximum
1 regardless of the shape of g(y) in the limit of ω → 0,
as follows:
lim
ω→0
Q(ω) = lim
ω→0
∫ ∞
−∞
sin(ωy)
ω
g(y)dy (C1)
= lim
ω→0
∫ ∞
−∞
y g(y)dy (C2)
= 1 (C3)
Appendix D: Numerical simulations demonstrating
the cPh > d instability condition
Our analysis shows that, if the opinion space is suf-
ficiently large, the low-frequency perturbations always
destabilize the homogeneous population distribution if
and only if cPh > d. This prediction can be confirmed
through numerical simulations. Illustrative cases are
shown in Fig. 6.
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FIG. 6. Numerical simulation results with c = Ph = 1 and σ = µ = 0.1. (a) Result with d = 1.01, which is slightly above
cPh = 1, therefore even the lowest-frequency perturbations gradually decay. (b) Result with d = 0.99, which is slightly below
cPh = 1, therefore lowest-frequency perturbations gradually grow and some peaks become more manifested over time. See the
Methods section for details of numerical integration. Note that the vertical axis is set on a small range to show subtle difference
between these two cases.
